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Markov Decision Processes

• State space  

• Ac0on space  

• Reward func0on  

• Probability transi0on func0on 
  

• Atomic proposi0ons  and 
labeling func0on  

(
)

ℛ : ( × ) → ℝ

P(s′ ∣ s, a)
AP

ℓ : ( → 2AP
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Markov Decision Processes

• Trajectories  s.t. ⟨s0:∞, a0:∞⟩ ∈ Traj(ℳ) P (st+1 ∣ st, at) > 0, ∀t ∈ ℕ

• Events φ ⊆ Traj(ℳ)

- Example: □ ¬failure = {s0:∞, a0:∞ ∣ ∀i, failure ∉ ℓ (si)}
• Policies prescribe which ac0on to choose at each step 

➡  , π : ( → 9()) at ∼ π( ⋅ ∣ st)

➡ Induce a probability measure  over the events of ℙℳ
π ℳ

➡ Goal of RL:   for arg max
π

<π[∑∞
t=0 γtℛ(st, at) ] γ ∈ ]0,1[

• Value func>ons:

-  Vπ (s) = <π [∑∞
t=0 γtℛ(st, at) ∣ s0 = s]

- , where Vφ
π (s) lim

γ→0
Vφ

π (s) = ℙℳs
π (φ)
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Abstraction Quality Criterion
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equivalent?

state embedding

action embedding

�:S ! S̄, s 7! s̄

 : S ⇥ Ā ! A, hs, āi 7! a

Con$nuous-spaces MDP 

ℳ = ⟨(, ), ℛ, P, ℓ⟩
Discrete latent MDP 

ℳ = ⟨(, ), ℛ, P, ℓ⟩

➡ A latent policy  can be executed in  via π : ( → 9()) ℳ ā ∼ π( ⋅ ∣ ϕ(s)), a = ψ(s, ā)



Bisimulation

Bisimula3on Rela3on

 is a stochas'c bisimula'on iff for all , ,  

                and          

B ∈ (2 s1, s2 ∈ ( a ∈ ) T/B
ℓ(s1) = ℓ(s2) ℛ(s1, a) = ℛ(s2, a) P(T ∣ s1, a) = P(T ∣ s2, a)
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• Behavioral equivalence between states 

• Compare two MDPs: take the disjoint union of their state space:  

➡  Trajectory, value, and op0mal policy equivalence 

➡  For a given formal logic , two bisimilar models sa0sfy the same set of proper0es, i.e., 

➡  They behave the same

( ⊎ (

ℒ

(Larsen  and  Skou  1989; 
Givan, Dean, and Greig 2003) Largest:  ∼
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ℒ

 is a stochas'c bisimula'on iff for all , ,  

                   and         

B ∈ (2 s1, s2 ∈ ( a ∈ ) T/B
ℓ(s1) = ℓ(s2) ℛ(s1, a) ≠ ℛ(s2, a)+ϵ P(T ∣ s1, a) ≠ P(T ∣ s2, a)+ϵ

๏  All or nothing: two states nearly iden0cal with slight numerical difference  are ϵ ≠

(Larsen  and  Skou  1989; 
Givan, Dean, and Greig 2003) Largest:  ∼



Bisimulation distance
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Discrete latent MDP 
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• For policy ,  , and formal logic : 

➡ Bisimula(on distance: largest behavioral difference (Desharnais et. al, 2004) 

 

where  is a logical family of func.onal expressions defining the seman.cs of  

➡ Kernel is bisimilarity:  

π γ ∈ [0,1[ ℒ

d̃π (s1, s2) = sup
f∈ℱℒ

γ (π)
f(s1) − f(s2) ∀s1, s2 ∈ (

ℱℒ
γ (π) ℒ

d̃π (s1, s2) = 0 ⟺ s1 ∼ s2



Checking the bisimulation distance via Local Losses Bounds
• Latent policy , sta0onary distribu0on π ξπ

L ξπ
P = <s,a∼ξπ

WdS (ϕP ( ⋅ ∣ s, a), P ( ⋅ ∣ ϕ(s), a))
Lξπ

ℛ = <s,a∼ξπ
ℛ (s, a) − ℛ (ϕ(s), a)

• Expected bisimula0on distance 

                       <s∼ξπ
d̃ℛ

π̄ (s, ϕ(s)) ≤ Lξπ
ℛ+γL ξπ

P
Kπ

ℛ
1 − γKπ

P

   <s∼ξπ
d̃ℓ

π̄ (s, ϕ(s)) ≤
γL ξπP
1 − γ

• PAC scheme from samples: let trace  ,  and 

:

⟨s0:T, a0:T−1, r0:T−1⟩ ∼ ξπ ϵ, δ ∈ ]0,1[

T ≥ ⌈−log (δ/4)
2ϵ2 ⌉

     and     L̂ξπ
ℛ = 1

T

T−1

∑
t=0

rt − ℛ (ϕ(st), at) L̂ξπ
P = 1

T

T−1

∑
t=0

[1 − P (ϕ(st+1) ∣ ϕ(st), at)]

Then,  with probability Lξπ
ℛ − L̂ξπ

ℛ ≤ ϵ  and ·Lξπ
P − L̂ξπ

P ≤ ϵ 1 − δ
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DeepMDP: Learning Continuous Latent Space Models for Representation Learning
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�P(·|s, a)
<latexit sha1_base64="iFEl/22eCF2FK7Z9ZPx8m0aL5mU=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSxCBSmJCHosePHYgv2AJpTNZtsu3WzC7kYoseDBi3/FiwdFvPoXvPlv3LQ9aPXBwOO9GWbmBQlnSjvOl1VYWl5ZXSuulzY2t7Z37N29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0VXut2+pVCwWN3qcUD/CA8H6jGBtpJ596CVDhrwI6yHBPKtPKh4JY43ukDpF+KRnl52qMwX6S9w5KcMc9Z796YUxSSMqNOFYqa7rJNrPsNSMcDopeamiCSYjPKBdQwWOqPKz6R8TdGyUEPVjaUpoNFV/TmQ4UmocBaYzP1gtern4n9dNdf/Sz5hIUk0FmS3qpxzpGOWhoJBJSjQfG4KJZOZWRIZYYqJNdCUTgrv48l/SOqu6TtVtnJdrjftZHEU4gCOogAsXUINrqEMTCDzAE7zAq/VoPVtv1vustWDNI9yHX7A+vgF3FpjU</latexit><latexit sha1_base64="iFEl/22eCF2FK7Z9ZPx8m0aL5mU=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSxCBSmJCHosePHYgv2AJpTNZtsu3WzC7kYoseDBi3/FiwdFvPoXvPlv3LQ9aPXBwOO9GWbmBQlnSjvOl1VYWl5ZXSuulzY2t7Z37N29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0VXut2+pVCwWN3qcUD/CA8H6jGBtpJ596CVDhrwI6yHBPKtPKh4JY43ukDpF+KRnl52qMwX6S9w5KcMc9Z796YUxSSMqNOFYqa7rJNrPsNSMcDopeamiCSYjPKBdQwWOqPKz6R8TdGyUEPVjaUpoNFV/TmQ4UmocBaYzP1gtern4n9dNdf/Sz5hIUk0FmS3qpxzpGOWhoJBJSjQfG4KJZOZWRIZYYqJNdCUTgrv48l/SOqu6TtVtnJdrjftZHEU4gCOogAsXUINrqEMTCDzAE7zAq/VoPVtv1vustWDNI9yHX7A+vgF3FpjU</latexit><latexit sha1_base64="iFEl/22eCF2FK7Z9ZPx8m0aL5mU=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSxCBSmJCHosePHYgv2AJpTNZtsu3WzC7kYoseDBi3/FiwdFvPoXvPlv3LQ9aPXBwOO9GWbmBQlnSjvOl1VYWl5ZXSuulzY2t7Z37N29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0VXut2+pVCwWN3qcUD/CA8H6jGBtpJ596CVDhrwI6yHBPKtPKh4JY43ukDpF+KRnl52qMwX6S9w5KcMc9Z796YUxSSMqNOFYqa7rJNrPsNSMcDopeamiCSYjPKBdQwWOqPKz6R8TdGyUEPVjaUpoNFV/TmQ4UmocBaYzP1gtern4n9dNdf/Sz5hIUk0FmS3qpxzpGOWhoJBJSjQfG4KJZOZWRIZYYqJNdCUTgrv48l/SOqu6TtVtnJdrjftZHEU4gCOogAsXUINrqEMTCDzAE7zAq/VoPVtv1vustWDNI9yHX7A+vgF3FpjU</latexit><latexit sha1_base64="iFEl/22eCF2FK7Z9ZPx8m0aL5mU=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSxCBSmJCHosePHYgv2AJpTNZtsu3WzC7kYoseDBi3/FiwdFvPoXvPlv3LQ9aPXBwOO9GWbmBQlnSjvOl1VYWl5ZXSuulzY2t7Z37N29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0VXut2+pVCwWN3qcUD/CA8H6jGBtpJ596CVDhrwI6yHBPKtPKh4JY43ukDpF+KRnl52qMwX6S9w5KcMc9Z796YUxSSMqNOFYqa7rJNrPsNSMcDopeamiCSYjPKBdQwWOqPKz6R8TdGyUEPVjaUpoNFV/TmQ4UmocBaYzP1gtern4n9dNdf/Sz5hIUk0FmS3qpxzpGOWhoJBJSjQfG4KJZOZWRIZYYqJNdCUTgrv48l/SOqu6TtVtnJdrjftZHEU4gCOogAsXUINrqEMTCDzAE7zAq/VoPVtv1vustWDNI9yHX7A+vgF3FpjU</latexit>

P
<latexit sha1_base64="tCEktpMUbWs2AY4hfp7HscYsXuQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFlw47IF+4A0lMl00g6dzISZG6GEgj/hxoUibv0ad/6Nk7YLbT0wcDjnDvfcE6WCG/S8b6e0sbm1vVPereztHxweVY9POkZlmrI2VULpXkQME1yyNnIUrJdqRpJIsG40uSv87iPThiv5gNOUhQkZSR5zStBKQT8hOKZE5M3ZoFrz6t4c7jrxl6QGSzQH1a/+UNEsYRKpIMYEvpdimBONnAo2q/Qzw1JCJ2TEAkslSZgJ83nkmXthlaEbK22fRHeu/v6Rk8SYaRLZySKiWfUK8T8vyDC+DXMu0wyZpItFcSZcVG5xvzvkmlEUU0sI1dxmdemYaELRtlSxJfirJ6+TzlXd9+p+67rWaD0t6ijDGZzDJfhwAw24hya0gYKCZ3iFNwedF+fd+ViMlpxlhafwB87nD7GckfU=</latexit><latexit sha1_base64="tCEktpMUbWs2AY4hfp7HscYsXuQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFlw47IF+4A0lMl00g6dzISZG6GEgj/hxoUibv0ad/6Nk7YLbT0wcDjnDvfcE6WCG/S8b6e0sbm1vVPereztHxweVY9POkZlmrI2VULpXkQME1yyNnIUrJdqRpJIsG40uSv87iPThiv5gNOUhQkZSR5zStBKQT8hOKZE5M3ZoFrz6t4c7jrxl6QGSzQH1a/+UNEsYRKpIMYEvpdimBONnAo2q/Qzw1JCJ2TEAkslSZgJ83nkmXthlaEbK22fRHeu/v6Rk8SYaRLZySKiWfUK8T8vyDC+DXMu0wyZpItFcSZcVG5xvzvkmlEUU0sI1dxmdemYaELRtlSxJfirJ6+TzlXd9+p+67rWaD0t6ijDGZzDJfhwAw24hya0gYKCZ3iFNwedF+fd+ViMlpxlhafwB87nD7GckfU=</latexit><latexit sha1_base64="tCEktpMUbWs2AY4hfp7HscYsXuQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFlw47IF+4A0lMl00g6dzISZG6GEgj/hxoUibv0ad/6Nk7YLbT0wcDjnDvfcE6WCG/S8b6e0sbm1vVPereztHxweVY9POkZlmrI2VULpXkQME1yyNnIUrJdqRpJIsG40uSv87iPThiv5gNOUhQkZSR5zStBKQT8hOKZE5M3ZoFrz6t4c7jrxl6QGSzQH1a/+UNEsYRKpIMYEvpdimBONnAo2q/Qzw1JCJ2TEAkslSZgJ83nkmXthlaEbK22fRHeu/v6Rk8SYaRLZySKiWfUK8T8vyDC+DXMu0wyZpItFcSZcVG5xvzvkmlEUU0sI1dxmdemYaELRtlSxJfirJ6+TzlXd9+p+67rWaD0t6ijDGZzDJfhwAw24hya0gYKCZ3iFNwedF+fd+ViMlpxlhafwB87nD7GckfU=</latexit><latexit sha1_base64="tCEktpMUbWs2AY4hfp7HscYsXuQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFlw47IF+4A0lMl00g6dzISZG6GEgj/hxoUibv0ad/6Nk7YLbT0wcDjnDvfcE6WCG/S8b6e0sbm1vVPereztHxweVY9POkZlmrI2VULpXkQME1yyNnIUrJdqRpJIsG40uSv87iPThiv5gNOUhQkZSR5zStBKQT8hOKZE5M3ZoFrz6t4c7jrxl6QGSzQH1a/+UNEsYRKpIMYEvpdimBONnAo2q/Qzw1JCJ2TEAkslSZgJ83nkmXthlaEbK22fRHeu/v6Rk8SYaRLZySKiWfUK8T8vyDC+DXMu0wyZpItFcSZcVG5xvzvkmlEUU0sI1dxmdemYaELRtlSxJfirJ6+TzlXd9+p+67rWaD0t6ijDGZzDJfhwAw24hya0gYKCZ3iFNwedF+fd+ViMlpxlhafwB87nD7GckfU=</latexit>

�
<latexit sha1_base64="f3OSgVXulC9A4ocbUU+eHdeqbXc=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeCF48t2A9ol5JNs93QJLskWaEsBX+BFw+KePUPefPfmG170NYHA4/3ZpiZF6aCG+t536i0sbm1vVPereztHxweVY9POibJNGVtmohE90JimOCKtS23gvVSzYgMBeuGk7vC7z4ybXiiHuw0ZYEkY8UjToktpEEa82G15tW9OfA68ZekBks0h9WvwSihmWTKUkGM6fteaoOcaMupYLPKIDMsJXRCxqzvqCKSmSCf3zrDF04Z4SjRrpTFc/X3RE6kMVMZuk5JbGxWvUL8z+tnNroNcq7SzDJFF4uiTGCb4OJxPOKaUSumjhCqubsV05hoQq2Lp+JC8FdfXiedq7rv1f3Wda3RelrEUYYzOIdL8OEGGnAPTWgDhRie4RXekEQv6B19LFpLaBnhKfwB+vwBPguOzg==</latexit><latexit sha1_base64="f3OSgVXulC9A4ocbUU+eHdeqbXc=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeCF48t2A9ol5JNs93QJLskWaEsBX+BFw+KePUPefPfmG170NYHA4/3ZpiZF6aCG+t536i0sbm1vVPereztHxweVY9POibJNGVtmohE90JimOCKtS23gvVSzYgMBeuGk7vC7z4ybXiiHuw0ZYEkY8UjToktpEEa82G15tW9OfA68ZekBks0h9WvwSihmWTKUkGM6fteaoOcaMupYLPKIDMsJXRCxqzvqCKSmSCf3zrDF04Z4SjRrpTFc/X3RE6kMVMZuk5JbGxWvUL8z+tnNroNcq7SzDJFF4uiTGCb4OJxPOKaUSumjhCqubsV05hoQq2Lp+JC8FdfXiedq7rv1f3Wda3RelrEUYYzOIdL8OEGGnAPTWgDhRie4RXekEQv6B19LFpLaBnhKfwB+vwBPguOzg==</latexit><latexit sha1_base64="f3OSgVXulC9A4ocbUU+eHdeqbXc=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeCF48t2A9ol5JNs93QJLskWaEsBX+BFw+KePUPefPfmG170NYHA4/3ZpiZF6aCG+t536i0sbm1vVPereztHxweVY9POibJNGVtmohE90JimOCKtS23gvVSzYgMBeuGk7vC7z4ybXiiHuw0ZYEkY8UjToktpEEa82G15tW9OfA68ZekBks0h9WvwSihmWTKUkGM6fteaoOcaMupYLPKIDMsJXRCxqzvqCKSmSCf3zrDF04Z4SjRrpTFc/X3RE6kMVMZuk5JbGxWvUL8z+tnNroNcq7SzDJFF4uiTGCb4OJxPOKaUSumjhCqubsV05hoQq2Lp+JC8FdfXiedq7rv1f3Wda3RelrEUYYzOIdL8OEGGnAPTWgDhRie4RXekEQv6B19LFpLaBnhKfwB+vwBPguOzg==</latexit><latexit sha1_base64="f3OSgVXulC9A4ocbUU+eHdeqbXc=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeCF48t2A9ol5JNs93QJLskWaEsBX+BFw+KePUPefPfmG170NYHA4/3ZpiZF6aCG+t536i0sbm1vVPereztHxweVY9POibJNGVtmohE90JimOCKtS23gvVSzYgMBeuGk7vC7z4ybXiiHuw0ZYEkY8UjToktpEEa82G15tW9OfA68ZekBks0h9WvwSihmWTKUkGM6fteaoOcaMupYLPKIDMsJXRCxqzvqCKSmSCf3zrDF04Z4SjRrpTFc/X3RE6kMVMZuk5JbGxWvUL8z+tnNroNcq7SzDJFF4uiTGCb4OJxPOKaUSumjhCqubsV05hoQq2Lp+JC8FdfXiedq7rv1f3Wda3RelrEUYYzOIdL8OEGGnAPTWgDhRie4RXekEQv6B19LFpLaBnhKfwB+vwBPguOzg==</latexit>

P̄
<latexit sha1_base64="nQL7ImoMvppIK5z/IOPt8aJg70k=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFclUQEXRbcuGzBPqAp5WY6aYdOJmFmopQY8EfcuFDErV/izr9x0nahrQcuHM65lzlzgoQzpV3321pb39jc2i7tlHf39g8O7cpRW8WpJLRFYh7LboCKciZoSzPNaTeRFKOA004wuSn8zj2VisXiTk8T2o9wJFjICGojDeyKH6DM/Aj1mCDPGnk+sKtuzZ3BWSXeglRhgcbA/vKHMUkjKjThqFTPcxPdz1BqRjjNy36qaIJkgiPaM1RgRFU/m0XPnTOjDJ0wlmaEdmbq74sMI6WmUWA2i4xq2SvE/7xeqsPrfsZEkmoqyPyhMOWOjp2iB2fIJCWaTw1BIpnJ6pAxSiTatFU2JXjLX14l7Yua59a85mW13nya11GCEziFc/DgCupwCw1oAYEHeIZXeLMerRfr3fqYr65ZiwqP4Q+szx8AU5Tr</latexit><latexit sha1_base64="nQL7ImoMvppIK5z/IOPt8aJg70k=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFclUQEXRbcuGzBPqAp5WY6aYdOJmFmopQY8EfcuFDErV/izr9x0nahrQcuHM65lzlzgoQzpV3321pb39jc2i7tlHf39g8O7cpRW8WpJLRFYh7LboCKciZoSzPNaTeRFKOA004wuSn8zj2VisXiTk8T2o9wJFjICGojDeyKH6DM/Aj1mCDPGnk+sKtuzZ3BWSXeglRhgcbA/vKHMUkjKjThqFTPcxPdz1BqRjjNy36qaIJkgiPaM1RgRFU/m0XPnTOjDJ0wlmaEdmbq74sMI6WmUWA2i4xq2SvE/7xeqsPrfsZEkmoqyPyhMOWOjp2iB2fIJCWaTw1BIpnJ6pAxSiTatFU2JXjLX14l7Yua59a85mW13nya11GCEziFc/DgCupwCw1oAYEHeIZXeLMerRfr3fqYr65ZiwqP4Q+szx8AU5Tr</latexit><latexit sha1_base64="nQL7ImoMvppIK5z/IOPt8aJg70k=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFclUQEXRbcuGzBPqAp5WY6aYdOJmFmopQY8EfcuFDErV/izr9x0nahrQcuHM65lzlzgoQzpV3321pb39jc2i7tlHf39g8O7cpRW8WpJLRFYh7LboCKciZoSzPNaTeRFKOA004wuSn8zj2VisXiTk8T2o9wJFjICGojDeyKH6DM/Aj1mCDPGnk+sKtuzZ3BWSXeglRhgcbA/vKHMUkjKjThqFTPcxPdz1BqRjjNy36qaIJkgiPaM1RgRFU/m0XPnTOjDJ0wlmaEdmbq74sMI6WmUWA2i4xq2SvE/7xeqsPrfsZEkmoqyPyhMOWOjp2iB2fIJCWaTw1BIpnJ6pAxSiTatFU2JXjLX14l7Yua59a85mW13nya11GCEziFc/DgCupwCw1oAYEHeIZXeLMerRfr3fqYr65ZiwqP4Q+szx8AU5Tr</latexit><latexit sha1_base64="nQL7ImoMvppIK5z/IOPt8aJg70k=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFclUQEXRbcuGzBPqAp5WY6aYdOJmFmopQY8EfcuFDErV/izr9x0nahrQcuHM65lzlzgoQzpV3321pb39jc2i7tlHf39g8O7cpRW8WpJLRFYh7LboCKciZoSzPNaTeRFKOA004wuSn8zj2VisXiTk8T2o9wJFjICGojDeyKH6DM/Aj1mCDPGnk+sKtuzZ3BWSXeglRhgcbA/vKHMUkjKjThqFTPcxPdz1BqRjjNy36qaIJkgiPaM1RgRFU/m0XPnTOjDJ0wlmaEdmbq74sMI6WmUWA2i4xq2SvE/7xeqsPrfsZEkmoqyPyhMOWOjp2iB2fIJCWaTw1BIpnJ6pAxSiTatFU2JXjLX14l7Yua59a85mW13nya11GCEziFc/DgCupwCw1oAYEHeIZXeLMerRfr3fqYr65ZiwqP4Q+szx8AU5Tr</latexit>

P(·|s, a)
<latexit sha1_base64="dUYHIATm4eAI5Z94VLnW3ywFASw=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRKkhJRNBjwYvHFuwHtKFsNpt26SYbdjdCiUUP/hUvHhTx6q/w5r9x0/ag1QcDj/dmmJnnJ5wp7ThfVmFpeWV1rbhe2tjc2t6xd/daSqSS0CYRXMiOjxXlLKZNzTSnnURSHPmctv3RVe63b6lUTMQ3epxQL8KDmIWMYG2kvn3Qi7AeEsyz+qTSI4HQ6A6pU4RP+nbZqTpToL/EnZMyzFHv25+9QJA0orEmHCvVdZ1EexmWmhFOJ6VeqmiCyQgPaNfQGEdUedn0hQk6NkqAQiFNxRpN1Z8TGY6UGke+6cwPVoteLv7ndVMdXnoZi5NU05jMFoUpR1qgPA8UMEmJ5mNDMJHM3IrIEEtMtEmtZEJwF1/+S1pnVdepuo3zcq3xMIujCIdwBBVw4QJqcA11aAKBe3iCF3i1Hq1n6816n7UWrHmE+/AL1sc36uWW5Q==</latexit><latexit sha1_base64="dUYHIATm4eAI5Z94VLnW3ywFASw=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRKkhJRNBjwYvHFuwHtKFsNpt26SYbdjdCiUUP/hUvHhTx6q/w5r9x0/ag1QcDj/dmmJnnJ5wp7ThfVmFpeWV1rbhe2tjc2t6xd/daSqSS0CYRXMiOjxXlLKZNzTSnnURSHPmctv3RVe63b6lUTMQ3epxQL8KDmIWMYG2kvn3Qi7AeEsyz+qTSI4HQ6A6pU4RP+nbZqTpToL/EnZMyzFHv25+9QJA0orEmHCvVdZ1EexmWmhFOJ6VeqmiCyQgPaNfQGEdUedn0hQk6NkqAQiFNxRpN1Z8TGY6UGke+6cwPVoteLv7ndVMdXnoZi5NU05jMFoUpR1qgPA8UMEmJ5mNDMJHM3IrIEEtMtEmtZEJwF1/+S1pnVdepuo3zcq3xMIujCIdwBBVw4QJqcA11aAKBe3iCF3i1Hq1n6816n7UWrHmE+/AL1sc36uWW5Q==</latexit><latexit sha1_base64="dUYHIATm4eAI5Z94VLnW3ywFASw=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRKkhJRNBjwYvHFuwHtKFsNpt26SYbdjdCiUUP/hUvHhTx6q/w5r9x0/ag1QcDj/dmmJnnJ5wp7ThfVmFpeWV1rbhe2tjc2t6xd/daSqSS0CYRXMiOjxXlLKZNzTSnnURSHPmctv3RVe63b6lUTMQ3epxQL8KDmIWMYG2kvn3Qi7AeEsyz+qTSI4HQ6A6pU4RP+nbZqTpToL/EnZMyzFHv25+9QJA0orEmHCvVdZ1EexmWmhFOJ6VeqmiCyQgPaNfQGEdUedn0hQk6NkqAQiFNxRpN1Z8TGY6UGke+6cwPVoteLv7ndVMdXnoZi5NU05jMFoUpR1qgPA8UMEmJ5mNDMJHM3IrIEEtMtEmtZEJwF1/+S1pnVdepuo3zcq3xMIujCIdwBBVw4QJqcA11aAKBe3iCF3i1Hq1n6816n7UWrHmE+/AL1sc36uWW5Q==</latexit><latexit sha1_base64="dUYHIATm4eAI5Z94VLnW3ywFASw=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRKkhJRNBjwYvHFuwHtKFsNpt26SYbdjdCiUUP/hUvHhTx6q/w5r9x0/ag1QcDj/dmmJnnJ5wp7ThfVmFpeWV1rbhe2tjc2t6xd/daSqSS0CYRXMiOjxXlLKZNzTSnnURSHPmctv3RVe63b6lUTMQ3epxQL8KDmIWMYG2kvn3Qi7AeEsyz+qTSI4HQ6A6pU4RP+nbZqTpToL/EnZMyzFHv25+9QJA0orEmHCvVdZ1EexmWmhFOJ6VeqmiCyQgPaNfQGEdUedn0hQk6NkqAQiFNxRpN1Z8TGY6UGke+6cwPVoteLv7ndVMdXnoZi5NU05jMFoUpR1qgPA8UMEmJ5mNDMJHM3IrIEEtMtEmtZEJwF1/+S1pnVdepuo3zcq3xMIujCIdwBBVw4QJqcA11aAKBe3iCF3i1Hq1n6816n7UWrHmE+/AL1sc36uWW5Q==</latexit>

s, a
<latexit sha1_base64="hO7kR8ya5p/C0dQQqNwNZgKN8Mk=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76SRDZmaXmVkhLAG/wIsHRbz6Q978G2eTHDSxoKGo6qa7K0oEN9b3v7219Y3Nre3CTnF3b//gsHR03DRxqhk2WCxi3Y6oQcEVNiy3AtuJRiojga1ofJf7rUfUhsfqwU4SDCUdKj7gjNpcMpeE9kplv+LPQFZJsCBlWKDWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzGa3Tsm5U/pkEGtXypKZ+nsio9KYiYxcp6R2ZJa9XPzP66R2cBtmXCWpRcXmiwapIDYm+eOkzzUyKyaOUKa5u5WwEdWUWRdP0YUQLL+8SppXlcCvBPXrcrX+NI+jAKdwBhcQwA1U4R5q0AAGI3iGV3jzpPfivXsf89Y1bxHhCfyB9/kDf/2OUQ==</latexit><latexit sha1_base64="hO7kR8ya5p/C0dQQqNwNZgKN8Mk=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76SRDZmaXmVkhLAG/wIsHRbz6Q978G2eTHDSxoKGo6qa7K0oEN9b3v7219Y3Nre3CTnF3b//gsHR03DRxqhk2WCxi3Y6oQcEVNiy3AtuJRiojga1ofJf7rUfUhsfqwU4SDCUdKj7gjNpcMpeE9kplv+LPQFZJsCBlWKDWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzGa3Tsm5U/pkEGtXypKZ+nsio9KYiYxcp6R2ZJa9XPzP66R2cBtmXCWpRcXmiwapIDYm+eOkzzUyKyaOUKa5u5WwEdWUWRdP0YUQLL+8SppXlcCvBPXrcrX+NI+jAKdwBhcQwA1U4R5q0AAGI3iGV3jzpPfivXsf89Y1bxHhCfyB9/kDf/2OUQ==</latexit><latexit sha1_base64="hO7kR8ya5p/C0dQQqNwNZgKN8Mk=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76SRDZmaXmVkhLAG/wIsHRbz6Q978G2eTHDSxoKGo6qa7K0oEN9b3v7219Y3Nre3CTnF3b//gsHR03DRxqhk2WCxi3Y6oQcEVNiy3AtuJRiojga1ofJf7rUfUhsfqwU4SDCUdKj7gjNpcMpeE9kplv+LPQFZJsCBlWKDWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzGa3Tsm5U/pkEGtXypKZ+nsio9KYiYxcp6R2ZJa9XPzP66R2cBtmXCWpRcXmiwapIDYm+eOkzzUyKyaOUKa5u5WwEdWUWRdP0YUQLL+8SppXlcCvBPXrcrX+NI+jAKdwBhcQwA1U4R5q0AAGI3iGV3jzpPfivXsf89Y1bxHhCfyB9/kDf/2OUQ==</latexit><latexit sha1_base64="hO7kR8ya5p/C0dQQqNwNZgKN8Mk=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76SRDZmaXmVkhLAG/wIsHRbz6Q978G2eTHDSxoKGo6qa7K0oEN9b3v7219Y3Nre3CTnF3b//gsHR03DRxqhk2WCxi3Y6oQcEVNiy3AtuJRiojga1ofJf7rUfUhsfqwU4SDCUdKj7gjNpcMpeE9kplv+LPQFZJsCBlWKDWK311+zFLJSrLBDWmE/iJDTOqLWcCp8VuajChbEyH2HFUUYkmzGa3Tsm5U/pkEGtXypKZ+nsio9KYiYxcp6R2ZJa9XPzP66R2cBtmXCWpRcXmiwapIDYm+eOkzzUyKyaOUKa5u5WwEdWUWRdP0YUQLL+8SppXlcCvBPXrcrX+NI+jAKdwBhcQwA1U4R5q0AAGI3iGV3jzpPfivXsf89Y1bxHhCfyB9/kDf/2OUQ==</latexit>

�(s)
<latexit sha1_base64="VrXrlXLqGMDaYOXqbz0CyaEtrZ0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvHhMwDwgWcLspDcZMjs7zMwKIQT8BS8eFPHq93jzb5w8DppY0FBUddPdFSnBjfX9by+3sbm1vZPfLeztHxweFY9PmibNNMMGS0Wq2xE1KLjEhuVWYFtppEkksBWN7mZ+6xG14al8sGOFYUIHksecUeukVlcNedlc9oolv+LPQdZJsCQlWKLWK351+ynLEpSWCWpMJ/CVDSdUW84ETgvdzKCibEQH2HFU0gRNOJmfOyUXTumTONWupCVz9ffEhCbGjJPIdSbUDs2qNxP/8zqZjW/DCZcqsyjZYlGcCWJTMvud9LlGZsXYEco0d7cSNqSaMusSKrgQgtWX10nzqhL4laB+XarWnxZx5OEMzqEMAdxAFe6hBg1gMIJneIU3T3kv3rv3sWjNecsIT+EPvM8f24iPsA==</latexit><latexit sha1_base64="VrXrlXLqGMDaYOXqbz0CyaEtrZ0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvHhMwDwgWcLspDcZMjs7zMwKIQT8BS8eFPHq93jzb5w8DppY0FBUddPdFSnBjfX9by+3sbm1vZPfLeztHxweFY9PmibNNMMGS0Wq2xE1KLjEhuVWYFtppEkksBWN7mZ+6xG14al8sGOFYUIHksecUeukVlcNedlc9oolv+LPQdZJsCQlWKLWK351+ynLEpSWCWpMJ/CVDSdUW84ETgvdzKCibEQH2HFU0gRNOJmfOyUXTumTONWupCVz9ffEhCbGjJPIdSbUDs2qNxP/8zqZjW/DCZcqsyjZYlGcCWJTMvud9LlGZsXYEco0d7cSNqSaMusSKrgQgtWX10nzqhL4laB+XarWnxZx5OEMzqEMAdxAFe6hBg1gMIJneIU3T3kv3rv3sWjNecsIT+EPvM8f24iPsA==</latexit><latexit sha1_base64="VrXrlXLqGMDaYOXqbz0CyaEtrZ0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvHhMwDwgWcLspDcZMjs7zMwKIQT8BS8eFPHq93jzb5w8DppY0FBUddPdFSnBjfX9by+3sbm1vZPfLeztHxweFY9PmibNNMMGS0Wq2xE1KLjEhuVWYFtppEkksBWN7mZ+6xG14al8sGOFYUIHksecUeukVlcNedlc9oolv+LPQdZJsCQlWKLWK351+ynLEpSWCWpMJ/CVDSdUW84ETgvdzKCibEQH2HFU0gRNOJmfOyUXTumTONWupCVz9ffEhCbGjJPIdSbUDs2qNxP/8zqZjW/DCZcqsyjZYlGcCWJTMvud9LlGZsXYEco0d7cSNqSaMusSKrgQgtWX10nzqhL4laB+XarWnxZx5OEMzqEMAdxAFe6hBg1gMIJneIU3T3kv3rv3sWjNecsIT+EPvM8f24iPsA==</latexit><latexit sha1_base64="VrXrlXLqGMDaYOXqbz0CyaEtrZ0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvHhMwDwgWcLspDcZMjs7zMwKIQT8BS8eFPHq93jzb5w8DppY0FBUddPdFSnBjfX9by+3sbm1vZPfLeztHxweFY9PmibNNMMGS0Wq2xE1KLjEhuVWYFtppEkksBWN7mZ+6xG14al8sGOFYUIHksecUeukVlcNedlc9oolv+LPQdZJsCQlWKLWK351+ynLEpSWCWpMJ/CVDSdUW84ETgvdzKCibEQH2HFU0gRNOJmfOyUXTumTONWupCVz9ffEhCbGjJPIdSbUDs2qNxP/8zqZjW/DCZcqsyjZYlGcCWJTMvud9LlGZsXYEco0d7cSNqSaMusSKrgQgtWX10nzqhL4laB+XarWnxZx5OEMzqEMAdxAFe6hBg1gMIJneIU3T3kv3rv3sWjNecsIT+EPvM8f24iPsA==</latexit>

LR̄(s, a)
<latexit sha1_base64="/PPo28hdRrt0JfiUAWWCd9BQ8VE=">AAAB+nicbZBLSwMxFIXv1Fetr6ku3QSLUEHKjAi6LLhx4aIV+4B2GDJp2oZmMkOSUco44B9x40IRt/4Sd/4b08dCWw8EPs65ITcniDlT2nG+rdzK6tr6Rn6zsLW9s7tnF/ebKkokoQ0S8Ui2A6woZ4I2NNOctmNJcRhw2gpGV5O8dU+lYpG40+OYeiEeCNZnBGtj+Xbxxk+7AZbpbZaV1SnCJ75dcirOVGgZ3DmUYK6ab391exFJQio04VipjuvE2kux1IxwmhW6iaIxJiM8oB2DAodUeel09QwdG6eH+pE0R2g0dX/fSHGo1DgMzGSI9VAtZhPzv6yT6P6llzIRJ5oKMnuon3CkIzTpAfWYpETzsQFMJDO7IjLEEhNt2iqYEtzFLy9D86ziOhW3fl6q1p9mdeThEI6gDC5cQBWuoQYNIPAAz/AKb9aj9WK9Wx+z0Zw1r/AA/sj6/AFU0pPT</latexit><latexit sha1_base64="/PPo28hdRrt0JfiUAWWCd9BQ8VE=">AAAB+nicbZBLSwMxFIXv1Fetr6ku3QSLUEHKjAi6LLhx4aIV+4B2GDJp2oZmMkOSUco44B9x40IRt/4Sd/4b08dCWw8EPs65ITcniDlT2nG+rdzK6tr6Rn6zsLW9s7tnF/ebKkokoQ0S8Ui2A6woZ4I2NNOctmNJcRhw2gpGV5O8dU+lYpG40+OYeiEeCNZnBGtj+Xbxxk+7AZbpbZaV1SnCJ75dcirOVGgZ3DmUYK6ab391exFJQio04VipjuvE2kux1IxwmhW6iaIxJiM8oB2DAodUeel09QwdG6eH+pE0R2g0dX/fSHGo1DgMzGSI9VAtZhPzv6yT6P6llzIRJ5oKMnuon3CkIzTpAfWYpETzsQFMJDO7IjLEEhNt2iqYEtzFLy9D86ziOhW3fl6q1p9mdeThEI6gDC5cQBWuoQYNIPAAz/AKb9aj9WK9Wx+z0Zw1r/AA/sj6/AFU0pPT</latexit><latexit sha1_base64="/PPo28hdRrt0JfiUAWWCd9BQ8VE=">AAAB+nicbZBLSwMxFIXv1Fetr6ku3QSLUEHKjAi6LLhx4aIV+4B2GDJp2oZmMkOSUco44B9x40IRt/4Sd/4b08dCWw8EPs65ITcniDlT2nG+rdzK6tr6Rn6zsLW9s7tnF/ebKkokoQ0S8Ui2A6woZ4I2NNOctmNJcRhw2gpGV5O8dU+lYpG40+OYeiEeCNZnBGtj+Xbxxk+7AZbpbZaV1SnCJ75dcirOVGgZ3DmUYK6ab391exFJQio04VipjuvE2kux1IxwmhW6iaIxJiM8oB2DAodUeel09QwdG6eH+pE0R2g0dX/fSHGo1DgMzGSI9VAtZhPzv6yT6P6llzIRJ5oKMnuon3CkIzTpAfWYpETzsQFMJDO7IjLEEhNt2iqYEtzFLy9D86ziOhW3fl6q1p9mdeThEI6gDC5cQBWuoQYNIPAAz/AKb9aj9WK9Wx+z0Zw1r/AA/sj6/AFU0pPT</latexit><latexit sha1_base64="/PPo28hdRrt0JfiUAWWCd9BQ8VE=">AAAB+nicbZBLSwMxFIXv1Fetr6ku3QSLUEHKjAi6LLhx4aIV+4B2GDJp2oZmMkOSUco44B9x40IRt/4Sd/4b08dCWw8EPs65ITcniDlT2nG+rdzK6tr6Rn6zsLW9s7tnF/ebKkokoQ0S8Ui2A6woZ4I2NNOctmNJcRhw2gpGV5O8dU+lYpG40+OYeiEeCNZnBGtj+Xbxxk+7AZbpbZaV1SnCJ75dcirOVGgZ3DmUYK6ab391exFJQio04VipjuvE2kux1IxwmhW6iaIxJiM8oB2DAodUeel09QwdG6eH+pE0R2g0dX/fSHGo1DgMzGSI9VAtZhPzv6yT6P6llzIRJ5oKMnuon3CkIzTpAfWYpETzsQFMJDO7IjLEEhNt2iqYEtzFLy9D86ziOhW3fl6q1p9mdeThEI6gDC5cQBWuoQYNIPAAz/AKb9aj9WK9Wx+z0Zw1r/AA/sj6/AFU0pPT</latexit>

R̄(�(s), a)
<latexit sha1_base64="zct1S3aE97FiCgc4a9mRpIxRqec=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREBF0W3LhsxT6gCeVmOmmHTh7MTIQSAoIbf8WNC0Xc+g3u/BsnbRfaeuDC4Zx7ufceL+ZMKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiCG2RiEei64GknIW0pZjitBsLCoHHaccbX+d+554KyaLwTk1i6gYwDJnPCCgt9c1jxwOROgGoEQGe3mZZxYlHrCKrZxiqfbNs1awp8DKx56SM5mj0zS9nEJEkoKEiHKTs2Vas3BSEYoTTrOQkksZAxjCkPU1DCKh00+kbGT7VygD7kdAVKjxVf0+kEEg5CTzdmd8rF71c/M/rJcq/clMWxomiIZkt8hOOVYTzTPCACUoUn2gCRDB9KyYjEECUTq6kQ7AXX14m7fOabdXs5kW53nyYxVFER+gEVZCNLlEd3aAGaiGCHtEzekVvxpPxYrwbH7PWgjGP8BD9gfH5A0avmMQ=</latexit><latexit sha1_base64="zct1S3aE97FiCgc4a9mRpIxRqec=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREBF0W3LhsxT6gCeVmOmmHTh7MTIQSAoIbf8WNC0Xc+g3u/BsnbRfaeuDC4Zx7ufceL+ZMKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiCG2RiEei64GknIW0pZjitBsLCoHHaccbX+d+554KyaLwTk1i6gYwDJnPCCgt9c1jxwOROgGoEQGe3mZZxYlHrCKrZxiqfbNs1awp8DKx56SM5mj0zS9nEJEkoKEiHKTs2Vas3BSEYoTTrOQkksZAxjCkPU1DCKh00+kbGT7VygD7kdAVKjxVf0+kEEg5CTzdmd8rF71c/M/rJcq/clMWxomiIZkt8hOOVYTzTPCACUoUn2gCRDB9KyYjEECUTq6kQ7AXX14m7fOabdXs5kW53nyYxVFER+gEVZCNLlEd3aAGaiGCHtEzekVvxpPxYrwbH7PWgjGP8BD9gfH5A0avmMQ=</latexit><latexit sha1_base64="zct1S3aE97FiCgc4a9mRpIxRqec=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREBF0W3LhsxT6gCeVmOmmHTh7MTIQSAoIbf8WNC0Xc+g3u/BsnbRfaeuDC4Zx7ufceL+ZMKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiCG2RiEei64GknIW0pZjitBsLCoHHaccbX+d+554KyaLwTk1i6gYwDJnPCCgt9c1jxwOROgGoEQGe3mZZxYlHrCKrZxiqfbNs1awp8DKx56SM5mj0zS9nEJEkoKEiHKTs2Vas3BSEYoTTrOQkksZAxjCkPU1DCKh00+kbGT7VygD7kdAVKjxVf0+kEEg5CTzdmd8rF71c/M/rJcq/clMWxomiIZkt8hOOVYTzTPCACUoUn2gCRDB9KyYjEECUTq6kQ7AXX14m7fOabdXs5kW53nyYxVFER+gEVZCNLlEd3aAGaiGCHtEzekVvxpPxYrwbH7PWgjGP8BD9gfH5A0avmMQ=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nSR5O8Db7F0G0OUzElkxtay1SRk=">AAAB+3icbZBLSwMxFIXv+Ky16uhWhGARWpAy40aXghuXVewDOkO5k6ZtaOZBkhHKMCs3/hU3LhTxf7jz35hpu9DWA4GPcxJy7wkSwZV2nG9rbX1jc2u7tFPereztH9iHlbaKU0lZi8Yilt0AFRM8Yi3NtWDdRDIMA8E6weSmyDuPTCoeRw96mjA/xFHEh5yiNlbfPvEClJkXoh5TFNl9nte8ZMxrqn5OsN63q07DmYmsgruAKizU7Ntf3iCmacgiTQUq1XOdRPsZSs2pYHnZSxVLkE5wxHoGIwyZ8rPZGjk5M86ADGNpTqTJzP39IsNQqWkYmJvFvGo5K8z/sl6qh1d+xqMk1Syi84+GqSA6JkUnZMAlo1pMDSCV3MxK6BglUm2aK5sS3OWVV6F90XCdhnvnQAmO4RRq4MIlXMMtNKEFFJ7gBd7g3Xq2Xq2PeV1r1qK3I/gj6/MHkWiWxA==</latexit><latexit sha1_base64="nSR5O8Db7F0G0OUzElkxtay1SRk=">AAAB+3icbZBLSwMxFIXv+Ky16uhWhGARWpAy40aXghuXVewDOkO5k6ZtaOZBkhHKMCs3/hU3LhTxf7jz35hpu9DWA4GPcxJy7wkSwZV2nG9rbX1jc2u7tFPereztH9iHlbaKU0lZi8Yilt0AFRM8Yi3NtWDdRDIMA8E6weSmyDuPTCoeRw96mjA/xFHEh5yiNlbfPvEClJkXoh5TFNl9nte8ZMxrqn5OsN63q07DmYmsgruAKizU7Ntf3iCmacgiTQUq1XOdRPsZSs2pYHnZSxVLkE5wxHoGIwyZ8rPZGjk5M86ADGNpTqTJzP39IsNQqWkYmJvFvGo5K8z/sl6qh1d+xqMk1Syi84+GqSA6JkUnZMAlo1pMDSCV3MxK6BglUm2aK5sS3OWVV6F90XCdhnvnQAmO4RRq4MIlXMMtNKEFFJ7gBd7g3Xq2Xq2PeV1r1qK3I/gj6/MHkWiWxA==</latexit><latexit sha1_base64="nIgeg3JkKgiTgTfa+zJk85Ax6Qc=">AAACBnicbVBNS8NAEN34WetX1KMIi0VoQUriRY8FLx5bsR/QhDLZbtulm03Y3QglBAQv/hUvHhTx6m/w5r9x0/agrQ8GHu/NMDMviDlT2nG+rZXVtfWNzcJWcXtnd2/fPjhsqSiRhDZJxCPZCUBRzgRtaqY57cSSQhhw2g7G17nfvqdSsUjc6UlM/RCGgg0YAW2knn3iBSBTLwQ9IsDT2ywre/GIlVXlHEOlZ5ecqjMFXibunJTQHPWe/eX1I5KEVGjCQamu68TaT0FqRjjNil6iaAxkDEPaNVRASJWfTt/I8JlR+ngQSVNC46n6eyKFUKlJGJjO/F616OXif1430YMrP2UiTjQVZLZokHCsI5xngvtMUqL5xBAgkplbMRmBBKJNckUTgrv48jJpXVRdp+o2nFKt8TCLo4CO0SkqIxddohq6QXXURAQ9omf0it6sJ+vFerc+Zq0r1jzCI/QH1ucPRW+YwA==</latexit><latexit sha1_base64="zct1S3aE97FiCgc4a9mRpIxRqec=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREBF0W3LhsxT6gCeVmOmmHTh7MTIQSAoIbf8WNC0Xc+g3u/BsnbRfaeuDC4Zx7ufceL+ZMKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiCG2RiEei64GknIW0pZjitBsLCoHHaccbX+d+554KyaLwTk1i6gYwDJnPCCgt9c1jxwOROgGoEQGe3mZZxYlHrCKrZxiqfbNs1awp8DKx56SM5mj0zS9nEJEkoKEiHKTs2Vas3BSEYoTTrOQkksZAxjCkPU1DCKh00+kbGT7VygD7kdAVKjxVf0+kEEg5CTzdmd8rF71c/M/rJcq/clMWxomiIZkt8hOOVYTzTPCACUoUn2gCRDB9KyYjEECUTq6kQ7AXX14m7fOabdXs5kW53nyYxVFER+gEVZCNLlEd3aAGaiGCHtEzekVvxpPxYrwbH7PWgjGP8BD9gfH5A0avmMQ=</latexit><latexit sha1_base64="zct1S3aE97FiCgc4a9mRpIxRqec=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREBF0W3LhsxT6gCeVmOmmHTh7MTIQSAoIbf8WNC0Xc+g3u/BsnbRfaeuDC4Zx7ufceL+ZMKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiCG2RiEei64GknIW0pZjitBsLCoHHaccbX+d+554KyaLwTk1i6gYwDJnPCCgt9c1jxwOROgGoEQGe3mZZxYlHrCKrZxiqfbNs1awp8DKx56SM5mj0zS9nEJEkoKEiHKTs2Vas3BSEYoTTrOQkksZAxjCkPU1DCKh00+kbGT7VygD7kdAVKjxVf0+kEEg5CTzdmd8rF71c/M/rJcq/clMWxomiIZkt8hOOVYTzTPCACUoUn2gCRDB9KyYjEECUTq6kQ7AXX14m7fOabdXs5kW53nyYxVFER+gEVZCNLlEd3aAGaiGCHtEzekVvxpPxYrwbH7PWgjGP8BD9gfH5A0avmMQ=</latexit><latexit sha1_base64="zct1S3aE97FiCgc4a9mRpIxRqec=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREBF0W3LhsxT6gCeVmOmmHTh7MTIQSAoIbf8WNC0Xc+g3u/BsnbRfaeuDC4Zx7ufceL+ZMKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiCG2RiEei64GknIW0pZjitBsLCoHHaccbX+d+554KyaLwTk1i6gYwDJnPCCgt9c1jxwOROgGoEQGe3mZZxYlHrCKrZxiqfbNs1awp8DKx56SM5mj0zS9nEJEkoKEiHKTs2Vas3BSEYoTTrOQkksZAxjCkPU1DCKh00+kbGT7VygD7kdAVKjxVf0+kEEg5CTzdmd8rF71c/M/rJcq/clMWxomiIZkt8hOOVYTzTPCACUoUn2gCRDB9KyYjEECUTq6kQ7AXX14m7fOabdXs5kW53nyYxVFER+gEVZCNLlEd3aAGaiGCHtEzekVvxpPxYrwbH7PWgjGP8BD9gfH5A0avmMQ=</latexit><latexit sha1_base64="zct1S3aE97FiCgc4a9mRpIxRqec=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREBF0W3LhsxT6gCeVmOmmHTh7MTIQSAoIbf8WNC0Xc+g3u/BsnbRfaeuDC4Zx7ufceL+ZMKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiCG2RiEei64GknIW0pZjitBsLCoHHaccbX+d+554KyaLwTk1i6gYwDJnPCCgt9c1jxwOROgGoEQGe3mZZxYlHrCKrZxiqfbNs1awp8DKx56SM5mj0zS9nEJEkoKEiHKTs2Vas3BSEYoTTrOQkksZAxjCkPU1DCKh00+kbGT7VygD7kdAVKjxVf0+kEEg5CTzdmd8rF71c/M/rJcq/clMWxomiIZkt8hOOVYTzTPCACUoUn2gCRDB9KyYjEECUTq6kQ7AXX14m7fOabdXs5kW53nyYxVFER+gEVZCNLlEd3aAGaiGCHtEzekVvxpPxYrwbH7PWgjGP8BD9gfH5A0avmMQ=</latexit><latexit sha1_base64="zct1S3aE97FiCgc4a9mRpIxRqec=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREBF0W3LhsxT6gCeVmOmmHTh7MTIQSAoIbf8WNC0Xc+g3u/BsnbRfaeuDC4Zx7ufceL+ZMKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiCG2RiEei64GknIW0pZjitBsLCoHHaccbX+d+554KyaLwTk1i6gYwDJnPCCgt9c1jxwOROgGoEQGe3mZZxYlHrCKrZxiqfbNs1awp8DKx56SM5mj0zS9nEJEkoKEiHKTs2Vas3BSEYoTTrOQkksZAxjCkPU1DCKh00+kbGT7VygD7kdAVKjxVf0+kEEg5CTzdmd8rF71c/M/rJcq/clMWxomiIZkt8hOOVYTzTPCACUoUn2gCRDB9KyYjEECUTq6kQ7AXX14m7fOabdXs5kW53nyYxVFER+gEVZCNLlEd3aAGaiGCHtEzekVvxpPxYrwbH7PWgjGP8BD9gfH5A0avmMQ=</latexit><latexit sha1_base64="zct1S3aE97FiCgc4a9mRpIxRqec=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREBF0W3LhsxT6gCeVmOmmHTh7MTIQSAoIbf8WNC0Xc+g3u/BsnbRfaeuDC4Zx7ufceL+ZMKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiCG2RiEei64GknIW0pZjitBsLCoHHaccbX+d+554KyaLwTk1i6gYwDJnPCCgt9c1jxwOROgGoEQGe3mZZxYlHrCKrZxiqfbNs1awp8DKx56SM5mj0zS9nEJEkoKEiHKTs2Vas3BSEYoTTrOQkksZAxjCkPU1DCKh00+kbGT7VygD7kdAVKjxVf0+kEEg5CTzdmd8rF71c/M/rJcq/clMWxomiIZkt8hOOVYTzTPCACUoUn2gCRDB9KyYjEECUTq6kQ7AXX14m7fOabdXs5kW53nyYxVFER+gEVZCNLlEd3aAGaiGCHtEzekVvxpPxYrwbH7PWgjGP8BD9gfH5A0avmMQ=</latexit>

R(s, a)
<latexit sha1_base64="CqraAHavjml0ciBa/ObXZlIRiXw=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIIGFXBD0GvHhMxDwgWULvZJIMmX0wM6uENeCPePGgiFe/xJt/42ySgyYWNBRV3UxN+bHgSjvOt7Wyura+sZnbym/v7O7t24WDhooSSVmdRiKSLR8VEzxkdc21YK1YMgx8wZr+6Drzm/dMKh6Fd3ocMy/AQcj7nKI2UtcudALUQ4oivZ2U1BnB065ddMrOFGSZuHNShDmqXfur04toErBQU4FKtV0n1l6KUnMq2CTfSRSLkY5wwNqGhhgw5aXT6BNyYpQe6UfSTKjJVP19kWKg1DjwzWYWVC16mfif1050/8pLeRgnmoV09lA/EURHJOuB9LhkVIuxIUglN1kJHaJEqk1beVOCu/jlZdI4L7tO2a1dFCu1p1kdOTiCYyiBC5dQgRuoQh0oPMAzvMKb9Wi9WO/Wx2x1xZpXeAh/YH3+AFjAk9U=</latexit><latexit sha1_base64="CqraAHavjml0ciBa/ObXZlIRiXw=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIIGFXBD0GvHhMxDwgWULvZJIMmX0wM6uENeCPePGgiFe/xJt/42ySgyYWNBRV3UxN+bHgSjvOt7Wyura+sZnbym/v7O7t24WDhooSSVmdRiKSLR8VEzxkdc21YK1YMgx8wZr+6Drzm/dMKh6Fd3ocMy/AQcj7nKI2UtcudALUQ4oivZ2U1BnB065ddMrOFGSZuHNShDmqXfur04toErBQU4FKtV0n1l6KUnMq2CTfSRSLkY5wwNqGhhgw5aXT6BNyYpQe6UfSTKjJVP19kWKg1DjwzWYWVC16mfif1050/8pLeRgnmoV09lA/EURHJOuB9LhkVIuxIUglN1kJHaJEqk1beVOCu/jlZdI4L7tO2a1dFCu1p1kdOTiCYyiBC5dQgRuoQh0oPMAzvMKb9Wi9WO/Wx2x1xZpXeAh/YH3+AFjAk9U=</latexit><latexit sha1_base64="CqraAHavjml0ciBa/ObXZlIRiXw=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIIGFXBD0GvHhMxDwgWULvZJIMmX0wM6uENeCPePGgiFe/xJt/42ySgyYWNBRV3UxN+bHgSjvOt7Wyura+sZnbym/v7O7t24WDhooSSVmdRiKSLR8VEzxkdc21YK1YMgx8wZr+6Drzm/dMKh6Fd3ocMy/AQcj7nKI2UtcudALUQ4oivZ2U1BnB065ddMrOFGSZuHNShDmqXfur04toErBQU4FKtV0n1l6KUnMq2CTfSRSLkY5wwNqGhhgw5aXT6BNyYpQe6UfSTKjJVP19kWKg1DjwzWYWVC16mfif1050/8pLeRgnmoV09lA/EURHJOuB9LhkVIuxIUglN1kJHaJEqk1beVOCu/jlZdI4L7tO2a1dFCu1p1kdOTiCYyiBC5dQgRuoQh0oPMAzvMKb9Wi9WO/Wx2x1xZpXeAh/YH3+AFjAk9U=</latexit><latexit sha1_base64="CqraAHavjml0ciBa/ObXZlIRiXw=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIIGFXBD0GvHhMxDwgWULvZJIMmX0wM6uENeCPePGgiFe/xJt/42ySgyYWNBRV3UxN+bHgSjvOt7Wyura+sZnbym/v7O7t24WDhooSSVmdRiKSLR8VEzxkdc21YK1YMgx8wZr+6Drzm/dMKh6Fd3ocMy/AQcj7nKI2UtcudALUQ4oivZ2U1BnB065ddMrOFGSZuHNShDmqXfur04toErBQU4FKtV0n1l6KUnMq2CTfSRSLkY5wwNqGhhgw5aXT6BNyYpQe6UfSTKjJVP19kWKg1DjwzWYWVC16mfif1050/8pLeRgnmoV09lA/EURHJOuB9LhkVIuxIUglN1kJHaJEqk1beVOCu/jlZdI4L7tO2a1dFCu1p1kdOTiCYyiBC5dQgRuoQh0oPMAzvMKb9Wi9WO/Wx2x1xZpXeAh/YH3+AFjAk9U=</latexit>

R
<latexit sha1_base64="PTPfRohSqqBIxcyPIm11pT6eKis=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuGzFPiANZTKdtEMnmTBzI5RQ8CfcuFDErV/jzr9x0nahrQcGDufc4Z57wlQKg6777aytb2xubZd2yrt7+weHlaPjtlGZZrzFlFS6G1LDpUh4CwVK3k01p3EoeScc3xZ+55FrI1TygJOUBzEdJiISjKKV/F5MccSozO+n/UrVrbkzkFXiLUgVFmj0K1+9gWJZzBNkkhrje26KQU41Cib5tNzLDE8pG9Mh9y1NaMxNkM8iT8m5VQYkUtq+BMlM/f0jp7Exkzi0k0VEs+wV4n+en2F0E+QiSTPkCZsvijJJUJHifjIQmjOUE0so08JmJWxENWVoWyrbErzlk1dJ+7LmuTWveVWtN5/mdZTgFM7gAjy4hjrcQQNawEDBM7zCm4POi/PufMxH15xFhSfwB87nD7Smkfc=</latexit><latexit sha1_base64="PTPfRohSqqBIxcyPIm11pT6eKis=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuGzFPiANZTKdtEMnmTBzI5RQ8CfcuFDErV/jzr9x0nahrQcGDufc4Z57wlQKg6777aytb2xubZd2yrt7+weHlaPjtlGZZrzFlFS6G1LDpUh4CwVK3k01p3EoeScc3xZ+55FrI1TygJOUBzEdJiISjKKV/F5MccSozO+n/UrVrbkzkFXiLUgVFmj0K1+9gWJZzBNkkhrje26KQU41Cib5tNzLDE8pG9Mh9y1NaMxNkM8iT8m5VQYkUtq+BMlM/f0jp7Exkzi0k0VEs+wV4n+en2F0E+QiSTPkCZsvijJJUJHifjIQmjOUE0so08JmJWxENWVoWyrbErzlk1dJ+7LmuTWveVWtN5/mdZTgFM7gAjy4hjrcQQNawEDBM7zCm4POi/PufMxH15xFhSfwB87nD7Smkfc=</latexit><latexit sha1_base64="PTPfRohSqqBIxcyPIm11pT6eKis=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuGzFPiANZTKdtEMnmTBzI5RQ8CfcuFDErV/jzr9x0nahrQcGDufc4Z57wlQKg6777aytb2xubZd2yrt7+weHlaPjtlGZZrzFlFS6G1LDpUh4CwVK3k01p3EoeScc3xZ+55FrI1TygJOUBzEdJiISjKKV/F5MccSozO+n/UrVrbkzkFXiLUgVFmj0K1+9gWJZzBNkkhrje26KQU41Cib5tNzLDE8pG9Mh9y1NaMxNkM8iT8m5VQYkUtq+BMlM/f0jp7Exkzi0k0VEs+wV4n+en2F0E+QiSTPkCZsvijJJUJHifjIQmjOUE0so08JmJWxENWVoWyrbErzlk1dJ+7LmuTWveVWtN5/mdZTgFM7gAjy4hjrcQQNawEDBM7zCm4POi/PufMxH15xFhSfwB87nD7Smkfc=</latexit><latexit sha1_base64="PTPfRohSqqBIxcyPIm11pT6eKis=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuGzFPiANZTKdtEMnmTBzI5RQ8CfcuFDErV/jzr9x0nahrQcGDufc4Z57wlQKg6777aytb2xubZd2yrt7+weHlaPjtlGZZrzFlFS6G1LDpUh4CwVK3k01p3EoeScc3xZ+55FrI1TygJOUBzEdJiISjKKV/F5MccSozO+n/UrVrbkzkFXiLUgVFmj0K1+9gWJZzBNkkhrje26KQU41Cib5tNzLDE8pG9Mh9y1NaMxNkM8iT8m5VQYkUtq+BMlM/f0jp7Exkzi0k0VEs+wV4n+en2F0E+QiSTPkCZsvijJJUJHifjIQmjOUE0so08JmJWxENWVoWyrbErzlk1dJ+7LmuTWveVWtN5/mdZTgFM7gAjy4hjrcQQNawEDBM7zCm4POi/PufMxH15xFhSfwB87nD7Smkfc=</latexit>

R̄
<latexit sha1_base64="x/DAAHbXX9C7fiFT0eHZgFNUaoA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXBjctW7AOaUCbTSTt0MgkzE6XEgD/ixoUibv0Sd/6Nk7YLbT1w4XDOvcyZEyScKe0431ZpbX1jc6u8XdnZ3ds/sKuHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+vC795TqVgs7vQ0oX6ER4KFjGBtpIFd9QIsMy/Cekwwz27zfGDXnLozA1ol7oLUYIHmwP7yhjFJIyo04Vipvusk2s+w1Ixwmle8VNEEkwke0b6hAkdU+dkseo5OjTJEYSzNCI1m6u+LDEdKTaPAbBYZ1bJXiP95/VSHV37GRJJqKsj8oTDlSMeo6AENmaRE86khmEhmsiIyxhITbdqqmBLc5S+vks553XXqbuui1mg9zesowzGcwBm4cAkNuIEmtIHAAzzDK7xZj9aL9W59zFdL1qLCI/gD6/MHA1+U7Q==</latexit><latexit sha1_base64="x/DAAHbXX9C7fiFT0eHZgFNUaoA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXBjctW7AOaUCbTSTt0MgkzE6XEgD/ixoUibv0Sd/6Nk7YLbT1w4XDOvcyZEyScKe0431ZpbX1jc6u8XdnZ3ds/sKuHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+vC795TqVgs7vQ0oX6ER4KFjGBtpIFd9QIsMy/Cekwwz27zfGDXnLozA1ol7oLUYIHmwP7yhjFJIyo04Vipvusk2s+w1Ixwmle8VNEEkwke0b6hAkdU+dkseo5OjTJEYSzNCI1m6u+LDEdKTaPAbBYZ1bJXiP95/VSHV37GRJJqKsj8oTDlSMeo6AENmaRE86khmEhmsiIyxhITbdqqmBLc5S+vks553XXqbuui1mg9zesowzGcwBm4cAkNuIEmtIHAAzzDK7xZj9aL9W59zFdL1qLCI/gD6/MHA1+U7Q==</latexit><latexit sha1_base64="x/DAAHbXX9C7fiFT0eHZgFNUaoA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXBjctW7AOaUCbTSTt0MgkzE6XEgD/ixoUibv0Sd/6Nk7YLbT1w4XDOvcyZEyScKe0431ZpbX1jc6u8XdnZ3ds/sKuHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+vC795TqVgs7vQ0oX6ER4KFjGBtpIFd9QIsMy/Cekwwz27zfGDXnLozA1ol7oLUYIHmwP7yhjFJIyo04Vipvusk2s+w1Ixwmle8VNEEkwke0b6hAkdU+dkseo5OjTJEYSzNCI1m6u+LDEdKTaPAbBYZ1bJXiP95/VSHV37GRJJqKsj8oTDlSMeo6AENmaRE86khmEhmsiIyxhITbdqqmBLc5S+vks553XXqbuui1mg9zesowzGcwBm4cAkNuIEmtIHAAzzDK7xZj9aL9W59zFdL1qLCI/gD6/MHA1+U7Q==</latexit><latexit sha1_base64="x/DAAHbXX9C7fiFT0eHZgFNUaoA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXBjctW7AOaUCbTSTt0MgkzE6XEgD/ixoUibv0Sd/6Nk7YLbT1w4XDOvcyZEyScKe0431ZpbX1jc6u8XdnZ3ds/sKuHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+vC795TqVgs7vQ0oX6ER4KFjGBtpIFd9QIsMy/Cekwwz27zfGDXnLozA1ol7oLUYIHmwP7yhjFJIyo04Vipvusk2s+w1Ixwmle8VNEEkwke0b6hAkdU+dkseo5OjTJEYSzNCI1m6u+LDEdKTaPAbBYZ1bJXiP95/VSHV37GRJJqKsj8oTDlSMeo6AENmaRE86khmEhmsiIyxhITbdqqmBLc5S+vks553XXqbuui1mg9zesowzGcwBm4cAkNuIEmtIHAAzzDK7xZj9aL9W59zFdL1qLCI/gD6/MHA1+U7Q==</latexit>

LP̄ (s, a)
<latexit sha1_base64="BJgHLIQdWwNns2TbT/lZSLu72Vc=">AAAB+nicbZBLSwMxFIXv+Kz1NdWlm2ARKkiZEUGXBTcuXLRgH9AOQybNtKGZzJBklDIO+EfcuFDErb/Enf/G9LHQ1gOBj3NuyM0JEs6Udpxva2V1bX1js7BV3N7Z3du3SwctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQej60nevqdSsVjc6XFCvQgPBAsZwdpYvl269bNegGVWz/OKOkP41LfLTtWZCi2DO4cyzFX37a9ePyZpRIUmHCvVdZ1EexmWmhFO82IvVTTBZIQHtGtQ4IgqL5uunqMT4/RRGEtzhEZT9/eNDEdKjaPATEZYD9ViNjH/y7qpDq+8jIkk1VSQ2UNhypGO0aQH1GeSEs3HBjCRzOyKyBBLTLRpq2hKcBe/vAyt86rrVN3GRbnWeJrVUYAjOIYKuHAJNbiBOjSBwAM8wyu8WY/Wi/VufcxGV6x5hYfwR9bnD1G6k9E=</latexit><latexit sha1_base64="BJgHLIQdWwNns2TbT/lZSLu72Vc=">AAAB+nicbZBLSwMxFIXv+Kz1NdWlm2ARKkiZEUGXBTcuXLRgH9AOQybNtKGZzJBklDIO+EfcuFDErb/Enf/G9LHQ1gOBj3NuyM0JEs6Udpxva2V1bX1js7BV3N7Z3du3SwctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQej60nevqdSsVjc6XFCvQgPBAsZwdpYvl269bNegGVWz/OKOkP41LfLTtWZCi2DO4cyzFX37a9ePyZpRIUmHCvVdZ1EexmWmhFO82IvVTTBZIQHtGtQ4IgqL5uunqMT4/RRGEtzhEZT9/eNDEdKjaPATEZYD9ViNjH/y7qpDq+8jIkk1VSQ2UNhypGO0aQH1GeSEs3HBjCRzOyKyBBLTLRpq2hKcBe/vAyt86rrVN3GRbnWeJrVUYAjOIYKuHAJNbiBOjSBwAM8wyu8WY/Wi/VufcxGV6x5hYfwR9bnD1G6k9E=</latexit><latexit sha1_base64="BJgHLIQdWwNns2TbT/lZSLu72Vc=">AAAB+nicbZBLSwMxFIXv+Kz1NdWlm2ARKkiZEUGXBTcuXLRgH9AOQybNtKGZzJBklDIO+EfcuFDErb/Enf/G9LHQ1gOBj3NuyM0JEs6Udpxva2V1bX1js7BV3N7Z3du3SwctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQej60nevqdSsVjc6XFCvQgPBAsZwdpYvl269bNegGVWz/OKOkP41LfLTtWZCi2DO4cyzFX37a9ePyZpRIUmHCvVdZ1EexmWmhFO82IvVTTBZIQHtGtQ4IgqL5uunqMT4/RRGEtzhEZT9/eNDEdKjaPATEZYD9ViNjH/y7qpDq+8jIkk1VSQ2UNhypGO0aQH1GeSEs3HBjCRzOyKyBBLTLRpq2hKcBe/vAyt86rrVN3GRbnWeJrVUYAjOIYKuHAJNbiBOjSBwAM8wyu8WY/Wi/VufcxGV6x5hYfwR9bnD1G6k9E=</latexit><latexit sha1_base64="BJgHLIQdWwNns2TbT/lZSLu72Vc=">AAAB+nicbZBLSwMxFIXv+Kz1NdWlm2ARKkiZEUGXBTcuXLRgH9AOQybNtKGZzJBklDIO+EfcuFDErb/Enf/G9LHQ1gOBj3NuyM0JEs6Udpxva2V1bX1js7BV3N7Z3du3SwctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQej60nevqdSsVjc6XFCvQgPBAsZwdpYvl269bNegGVWz/OKOkP41LfLTtWZCi2DO4cyzFX37a9ePyZpRIUmHCvVdZ1EexmWmhFO82IvVTTBZIQHtGtQ4IgqL5uunqMT4/RRGEtzhEZT9/eNDEdKjaPATEZYD9ViNjH/y7qpDq+8jIkk1VSQ2UNhypGO0aQH1GeSEs3HBjCRzOyKyBBLTLRpq2hKcBe/vAyt86rrVN3GRbnWeJrVUYAjOIYKuHAJNbiBOjSBwAM8wyu8WY/Wi/VufcxGV6x5hYfwR9bnD1G6k9E=</latexit>

�
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Figure 1. Diagram of the latent space losses. Circles denote a
distribution.

original MDP’s state. When the Wasserstein metric is used
for the latent transition loss, analysis reveals a profound the-
oretical connection between DeepMDPs and bisimulation.
These results provide a theoretically-grounded approach to
representation learning that is salable and compatible with
modern deep networks.

In Section 2, we review key concepts and formally de-
fine the DeepMDP. We start by studying the model-quality
and representation-quality results of DeepMDPs (using the
Wasserstein metric) in Sections 3 and 4. In Section 5, we
investigate the connection between DeepMDPs using the
Wasserstein and bisimulation. Section 6 generalizes only our
model-based guarantees to metrics other than the Wasser-
stein; this limitation emphasizes the special role of that the
Wasserstein metric plays in learning good representations.
Finally, in Section 8 we consider a synthetic environment
with high-dimensional observations and show that a Deep-
MDP learns to recover its underlying low-dimensional latent
structure. We then demonstrate that learning a DeepMDP
as an auxiliary task to model-free RL in the Atari 2600 en-
vironment leads to significant improvement in performance
when compared to a baseline model-free method.

2. Background
2.1. Markov Decision Processes

Define a Markov Decision Process (MDP) in standard fash-
ion: M “ xS, A, R, P, �y (Puterman, 1994). For simplic-
ity of notation we will assume that S and A are discrete
spaces unless otherwise stated. A policy ⇡ defines a distri-
bution over actions conditioned on the state, ⇡pa|sq. Denote

by ⇧ the set of all stationary policies. The value function
of a policy ⇡ P ⇧ at a state s is the expected sum of future
discounted rewards by running the policy from that state.
V ⇡ : S Ñ R is defined as:

V ⇡psq “ E
at„⇡p¨|stq

st`1„Pp¨|st,atq

« 8ÿ

t“0

�tRpst, atq|s0 “ s

�
.

The action value function is similarly defined:

Q⇡ps, aq “ E
at„⇡p¨|stq

st`1„Pp¨|st,atq

« 8ÿ

t“0

�tRpst, atq|s0 “ s, a0 “ a

�

We denote by Ps⇡ the action-independent tran-
sition function induced by running a policy ⇡,
Ps⇡ps1|sq “ ∞

aPA Pps1|s, aq⇡pa|sq. Similarly
Rs⇡psq “ ∞

aPA Rps, aq⇡pa|sq. We denote ⇡˚ as the
optimal policy in M; i.e., the policy which maximizes
expected future reward. We denote the optimal state and
action value functions with respect to ⇡˚ as V ˚, Q˚. We
denote the stationary distribution of a policy ⇡ in M by ⇠⇡;
i.e.,

⇠⇡psq “
ÿ

9sPS, 9aPA
Pps| 9s, 9aq⇡p 9a| 9sq⇠⇡p 9sq

We overload notation by also denoting the state-action sta-
tionary distribution as ⇠⇡ps, aq “ ⇠⇡psq⇡pa|sq. Although
only non-terminating MDPs have stationary distributions, a
state distribution for terminating MDPs with similar proper-
ties exists (Gelada & Bellemare, 2019).

2.2. Latent Space Models

For some MDP M, let ÑM “ x sS, A, sR, sP, �y be an MDP
where sS is a continuous space with metric d sS and a shared
action space A between M and ÑM. Furthermore, let � :
S Ñ sS be an embedding function which connects the state
spaces of these two MDPs. We refer to p ÑM, �q as a latent

space model of M.

Since ÑM is, by definition, an MDP, value functions can
be defined in the standard way. We use sV s⇡, sQs⇡ to denote
the value functions of a policy s⇡ P s⇧, where s⇧ is the set
of policies defined on the state space sS.The transition and
reward functions, sRs⇡ and sPs⇡ , of a policy s⇡ are also defined
in the standard manner. We use s⇡˚ to denote the optimal
policy in ÑM. The corresponding optimal state and action
value functions are then sV ˚, sQ˚. For ease of notation, when
s P S , we use s⇡p¨|sq :“ s⇡p¨|�psqq to denote first using � to
map s to the state space sS of ÑM and subsequently using s⇡
to generate the probability distribution over actions.

Although similar definitions of latent space models have
been previously studied (Francois-Lavet et al., 2018; Zhang
et al., 2018; Ha & Schmidhuber, 2018; Oh et al., 2017;

Gelada et. al, 2019

L ξπ
P

Lξπ
ℛ

<s∼ξπ
Vπ̄ (s) − Vπ̄ (ϕ(s)) ≤

<s∼ξπ
Vφ

π̄ (s) − Vφ
π̄ (ϕ(s)) ≤

(1 − γ)
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�«s; s 0 !

Bernoulli logits

: : : ⇠

G„ P G
„ (s 0 | s̄ 0)

P̄„
P̄„

`
s̄ 0 | s̄ ; a

´

R„
s̄ !
a! PR

„ (r | s̄ ; a)

s̄ 0 !

QA
«

s̄ !

a!
at

Categorical logits

: : : ⇠

: : :

0
1
0

0one-hot encoding

s̄ !
a!  „  „ (a | s̄ ; a)

: : :

:9
:2

:8

: : :

s̄ ; s̄ 0

1
0

1

training

evaluation
–! 0

continuous relaxation
with temperature –

binary encoding

Logistic
sampling

Gumble
softmax

training

evaluation
–! 0

: : :

:2
:8
:3

:1

s̄ !
a!

DKL

ı̄„ ı̄„ (a | s̄)s̄ !DKL

policy
distillation

max
ι,θ

ELBO (ℳθ, ϕι, ψθ) = − min
ι,θ

{Dι,θ + Rι,θ}

Discrete latent model: 

•  

•  

⟨ℳθ, ϕι, ψι,θ⟩

ℳ = ⟨(, ), ℛθ, Pθ, ℓ⟩

Veri�cation of Reinforcement Learning Policies via
Variational Abstraction of Markov Decision Processes

Florent Delgrange, Guillermo A. Pérez and Ann Nowé

Formal Veri�cation of RL Policies: The Big Picture

Unknown environment Environment Abstraction

Continuous-spaces MDP
M = hS ,A,P,R, �,AP, sIi

Discrete latent MDP
M =

�
S ,A,P,R, �,AP, sI

�

For policy � 2 �M, discount factor � 2 ]0,1[ and formal logic L,
• Bisimulation distance = largest behavioral di�erence

d̃�(s1, s2) = s�p
f2FL

�
(�)
|f (s1) � f (s2)| �s1, s2 2 S

• FL
�
(�): logical family of functional expressions de�ning the semantic of L for �

• Kernel is bisimilarity: d̃�(s1, s2) = 0 () s1 ⇠ s2
• L (i) based on state labels d̃�

�
(ii) including rewards d̃R

�

���V
�
(s1) � V�

(s2)
���  d̃R

�
(s1, s2)

1� �

PAC bounds for latent MDP local losses
• Add areset in A!M ergodic with stationary distribution �
• s,a ⇠ �� ⌘ s ⇠ ��, a ⇠ �(· | �(s)), then L��R  L̇��R and L��P  L̇

��
P , with

L��R = E
s,a⇠��

��R(s,a) � R(�(s),a)
�� L��P = E

s,a⇠��
WdS

�
�P(· | s,a),P(· | �(s),a)

�

L̇��R = E
s,a,s0⇠��

��R�
s,a, s0

�
� R(�(s),a)

�� L̇��P = E
s,a,s0⇠��

WdS

�
�

�
· | s0

�
,P(· | �(s),a)

�

• From samples: trace �̂ = hs0:T,a0:T�1, r0:T�1, ·i of length T �
�
� log(�/4)

2�2

�
and �, � 2 ]0,1[ ,

L̂��R =
1

T

T�1�
t=0

��rt � R(�(st),at)
�� L̂��P =

1

T

T�1�
t=0

�
1� P(�(st+1) | �(st),at)

�
,

Then,
��L̇��R � L̂��R

��  � and
��L̇��P � L̂��P

��  � with at least probability 1� �

Bisimulation bounds
• Expected bisimulation distance:

E
s⇠��

d̃R
�
(s,�(s))  L��R + �L��P

K�
R

1� �K�
P
,

E
s⇠��

d̃�
�
(s,�(s)) 

�L��P
1� �

• Abstraction qualiy: �s1, s2 s.t. �(s1) = �(s2),

d̃R
�
(s1, s2) 

�
L��R + �L��P

K�
R

1� �K�
P

� �
��1
�
(s1) + ��1

�
(s2)

�
,

d̃�
�
(s1, s2) 

�L��P
1� �

�
��1
�
(s1) + ��1

�
(s2)

�
.

D�,� = � E
s,a,r,s0⇠��

s,s0⇠��(·|s,s0)
a⇠QA

�
(·|s,a)

�
logPG

�

�
s0 | s0

�
+

log��(a | s,a)+
logPR

�
(r | s,a)

�
else, and

R�,� = E
s,a,s0⇠��
s⇠��(·|s)

a⇠QA
�
(·|s,a)

�
DKL

�
��

�
· | s0

�
k P�(· | s,a)

�
+

DKL

�
QA

�
(· | s,a) k ��(· | s)

��

Learning the environment abstraction through Variational MDP

m�x
�,�

ELBO
�
M�,��,��

�
= �min

�,�

�
D�,� + R�,�

�
,

D�,� = � E
s,a,r,s0⇠��

E
s,s0⇠��(·|s,s0)
a⇠QA

�
(·|s,a)

�
log��(a | s,a) + logPG

�

�
s0 | s0

�
+ logPR

�
(r | s,a)

�

R�,� = E
s,a,s0⇠��

E
s⇠��(·|s)

a⇠QA
�
(·|s,a)

�
DKL

�
��

�
· | s0

�
k P�(· | s,a)

�
+ DKL

�
QA

�
(· | s,a) k ��(· | s)

��

Evaluation
Evaluation with di�erent hyper parameters (colors)

Environment ELBO
Latent compressed policy ��:

Average rewards

CartPole
�: DQN

Pendulum
�: SAC

LunarLander
�: SAC

Next steps: Importance sampling, synthesis in the loop, Wasserstein Autoencoders, ...

(

)
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Pendulum 
•  
•  

•  

•

( = [−1,1]2 × [−8,8] ⊆ ℝ3

) = [−2,2] ⊆ ℝ
( = 213

) = 3

ℳπ ℳπθ

LunarLander 
•  

•  

•  

•

( ⊆ ℝ8

) = [−1,1]2 ⊆ ℝ2

( = 216

) = 5

original distilled



Conclusion

• VAE-MDPs, a framework for learning discrete latent models of unknown con1nuous-spaces environment 
with bisimula1on guarantees 

‣ Can be learned by execu0ng an RL policy in the environment 

‣ Yields a dis1lled version of the RL policy 

‣ New local losses bounds for (i) bisimula0on guarantees (ii) discrete se]ng (iii) ac0on embedding func0on  

‣ PAC schemes, derived from the execu0on of the dis0lled policy

• Our tool can be used to highlight the lack of robustness of input policies when the dis0lla0on fails

• Future work: 

‣ Safe RL via formal methods 

‣ Real-world case study 

‣ Mul0 agent systems
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