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ā

s̄0

distance?

state embedding

action embedding

�:S ! S̄, s 7! s̄
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⇠⇡̄



Latent Flow

Execu2on of a latent policy  in the original modelπ̄

5

s s̄�

ā
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⇠⇡̄



Latent Flow

Execu2on of a latent policy  in the original modelπ̄
• Latent policy , sta8onary distribu8on π ξπ

5

s s̄�

ā
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Veri�cation of Reinforcement Learning Policies via
Variational Abstraction of Markov Decision Processes

Florent Delgrange, Guillermo A. Pérez and Ann Nowé

Formal Veri�cation of RL Policies: The Big Picture

Unknown environment Environment Abstraction

Continuous-spaces MDP
M = hS ,A,P,R, �,AP, sIi

Discrete latent MDP
M =

�
S ,A,P,R, �,AP, sI

�

For policy � 2 �M, discount factor � 2 ]0,1[ and formal logic L,
• Bisimulation distance = largest behavioral di�erence

d̃�(s1, s2) = s�p
f2FL

�
(�)
|f (s1) � f (s2)| �s1, s2 2 S

• FL
�
(�): logical family of functional expressions de�ning the semantic of L for �

• Kernel is bisimilarity: d̃�(s1, s2) = 0 () s1 ⇠ s2
• L (i) based on state labels d̃�

�
(ii) including rewards d̃R

�

���V
�
(s1) � V�

(s2)
���  d̃R

�
(s1, s2)

1� �

PAC bounds for latent MDP local losses
• Add areset in A!M ergodic with stationary distribution �
• s,a ⇠ �� ⌘ s ⇠ ��, a ⇠ �(· | �(s)), then L��R  L̇��R and L��P  L̇

��
P , with

L��R = E
s,a⇠��

��R(s,a) � R(�(s),a)
�� L��P = E

s,a⇠��
WdS

�
�P(· | s,a),P(· | �(s),a)

�
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max
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ELBO (ℳθ, ϕι, ψθ) = − min
ι,θ

{Dι,θ + Rι,θ}

• Varia8onal proxies to local losses
➡ No learning guarantee: abstracEon quality, representaEon quality
➡ Mode collapse
➡ Fix: annealing scheme, extra entropy regularizaEon term, 
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• Bisimulation distance = largest behavioral di�erence

d̃�(s1, s2) = s�p
f2FL

�
(�)
|f (s1) � f (s2)| �s1, s2 2 S

• FL
�
(�): logical family of functional expressions de�ning the semantic of L for �

• Kernel is bisimilarity: d̃�(s1, s2) = 0 () s1 ⇠ s2
• L (i) based on state labels d̃�

�
(ii) including rewards d̃R

�

���V
�
(s1) � V�

(s2)
���  d̃R

�
(s1, s2)

1� �

PAC bounds for latent MDP local losses
• Add areset in A!M ergodic with stationary distribution �
• s,a ⇠ �� ⌘ s ⇠ ��, a ⇠ �(· | �(s)), then L��R  L̇��R and L��P  L̇

��
P , with

L��R = E
s,a⇠��

��R(s,a) � R(�(s),a)
�� L��P = E

s,a⇠��
WdS

�
�P(· | s,a),P(· | �(s),a)

�

L̇��R = E
s,a,s0⇠��

��R�
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�
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�
�

�
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�
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�

• From samples: trace �̂ = hs0:T,a0:T�1, r0:T�1, ·i of length T �
�
� log(�/4)

2�2

�
and �, � 2 ]0,1[ ,

L̂��R =
1

T

T�1�
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1
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T�1�
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�
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�
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Then,
��L̇��R � L̂��R

��  � and
��L̇��P � L̂��P

��  � with at least probability 1� �

Bisimulation bounds
• Expected bisimulation distance:

E
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R
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P
,

E
s⇠��
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�L��P
1� �

• Abstraction qualiy: �s1, s2 s.t. �(s1) = �(s2),

d̃R
�
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�
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K�
R

1� �K�
P
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��1
�
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�
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�
,

d̃�
�
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�L��P
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�
��1
�
(s1) + ��1

�
(s2)

�
.
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Learning the environment abstraction through Variational MDP

m�x
�,�

ELBO
�
M�,��,��

�
= �min

�,�

�
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�
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�
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�
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�
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�
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Evaluation
Evaluation with di�erent hyper parameters (colors)

Environment ELBO
Latent compressed policy ��:

Average rewards

CartPole
�: DQN

Pendulum
�: SAC

LunarLander
�: SAC

Next steps: Importance sampling, synthesis in the loop, Wasserstein Autoencoders, ...

L ξπ
P = 𝔼s,a∼ξπ

WdS (ϕP ( ⋅ ∣ s, a), P ( ⋅ ∣ ϕ(s), a))
≤ 𝔼s,a,s′ ∼ξπ

WdS (ϕ ( ⋅ ∣ s′ ), P ( ⋅ ∣ ϕ(s), a))

DKL ϕιs′ →s, s̄
ℳ



Learning the Latent Space Model
• Train a behavioral model  by learning from traces produced by execu8ng the RL policy  in the 

original model  

• Goal: learn  so that we can retrieve: 

- The latent MDP   

- The embedding func8ons  

- A latent policy  dis8lled from  

• Minimize a discrepancy  between  and 

ξθ π
ℳ

ξθ

ℳ = ⟨𝒮, 𝒜, ℛ, P, ℓ⟩
ϕ, ψ

π̄ π
D ℳ ⊗ π ξθ

8

min
θ

D (ℳ ⊗ π, ξθ)

ℳa

π ⊗
s′ , r

ξθ

⟨ si , ai , ri , s′ i ⟩N
i=1

: : : ⇠

: : : ⇠

ℳ
ϕ, ψ
π̄
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• Choose the Wasserstein Distance 
W (P, Q) = inf

λ∈Λ(P, Q)
𝔼x,y∼λ d (x, y) = sup

∥f∥≤1
𝔼x∼P f (x) − 𝔼y∼Q f (y)

min
θ

W (ℳ ⊗ π, ξθ)
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Wasserstein Auto-encoded Markov Decision Process

•  

•

𝒲ξπ
= max

ω : ∥φξ
ω∥≤1

𝔼s,a∼ξπ
𝔼ā∼ϕ𝒜

ι ( ⋅ ∣ ϕι(s), a)𝔼s̄′ ∼Pθ( ⋅ ∣ s̄, ā) φξ
ω (ϕι (s), ā, s̄′ ) − 𝔼s̄,ā,s̄′ ∼ξπ̄

φξ
ω (s̄, ā, s̄′ )

L ξπ
P = max

ω : ∥φP
ω∥≤1

𝔼s,a,s′ ∼ξπ
𝔼s̄,ā,s̄′ ∼ϕι( ⋅ ∣ s, a, s′ ) [φP

ω (s, a, s̄, ā, s̄′ ) − 𝔼s̄′ P∼Pθ( ⋅ ∣ s̄, ā) φP
ω (s, a, s̄, ā, s̄′ P)] 9
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Evaluation

10

Dis2lla2on: performance of π̄

WAE-MDPs disEll policies up to 10 Emes faster than VAE-MDPs

• Faster 
• Be\er performance 
• Learning guarantees 
• Similar or even be\er model quality
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CartPole MountainCar Acrobot Pendulum LunarLander

φ = ¬𝖱𝖾𝗌𝖾𝗍 𝒰 ¬𝖲𝖺𝖿𝖾 φ = ¬𝖦𝗈𝖺𝗅 𝒰 𝖱𝖾𝗌𝖾𝗍 φ = ◊(¬𝖲𝖺𝖿𝖾 ∧ ◯𝖱𝖾𝗌𝖾𝗍) φ = ¬𝖲𝖺𝖿𝖾𝖫𝖺𝗇𝖽𝗂𝗇𝗀 𝒰 𝖱𝖾𝗌𝖾𝗍φ = ¬𝖦𝗈𝖺𝗅 𝒰 𝖱𝖾𝗌𝖾𝗍

Vφ
π̄θ (s̄I) = 0.032 Vφ

π̄θ (s̄I) = 0 Vφ
π̄θ (s̄I) = 0.0022 Vφ

π̄θ (s̄I) = 0.0702Vφ
π̄θ (s̄I) = 0.037

Time-to-failure proper2es (lower is be\er)
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